We prove the existence of fixed point for weakly contractive multivalued maps satisfying the inwardness condition in the framework of a convex metric space. Fixed point theorems for multivalued contraction mapping taking the closed values are also obtained. These theorems extend several known results.
Introduction
The study of fixed point theory for multivalued maps was initiated by Kakutani [17] for finite dimensional spaces. Fixed point theory for multivalued maps is useful in control theory involving differential equations and has been effectively used in tackling the problems in economics (see, Granas and Dugundji [15] and Yuan [25] ) and game theory ( [8] and also see the examples in Deimling [12] ). The development of metric fixed point theory for multivalued maps was initiated by Nadler [21] who extended Banach's contraction mapping principle nicely to multivalued mappings and subsequently pursued by Assad and Kirk [2] , Beg and Azam [4] [5] [6] , Browder [10] , Fan [13] , Gorniewicz [14] , Latif and Beg [18] , Markin [20] , Reich [22] and others. Since then the metric fixed point theory of multivalued mappings has been rapidly flourished and has grown into a full fledged research area. Recently, Lim [19] using the transfinite induction argument proved the fixed point theorem for weaklly inward multivalued contraction with closed values defined on a nonempty closed subset of a Banach space. Other early uses of transfinite induction include the work of Sadovskii [24] on condensing operators. Bae [3] extended the notion of weakly contractive maps appeared in [1] (see also [23] ) to multivlaued maps and proved fixed point theorems for weakly contractive multivalued maps with inwardness conditions. Takahashi [26] introduced the notion of convex-150 I. Beg, M. Abbas ity in metric spaces which was further exploited by Beg and Azam [5] . They proved fixed points theorems for multivalued maps in convex metric spaces. This paper deals with the existence of fixed points of multivlued maps satisfying inwardness conditions in the framework of a convex metric space. The results proved in this paper extend the corresponding results of Bae [3] , Lim [19] \md Xu [27] .
Preliminaries
For the sake of convenience, we gather some basic definitions and set out our terminology needed in the sequel. We also present some previously known results about fixed points.
The metric space X together with the convex structure W is called a convex metric space. Obviously, W{x, x, A) = x.
Let X be a convex metric space. A nonempty subset F of X is said to The function H is a metric on CB(X), called the Hausdorff metric for CB{X) induced by d.
We shall require the following well known lemma due to Nadler [21] . 
ID(x) = {W € X : W -X OT y = W ^W, X,
for some y e D and A > 1}.
An element x € X is called the fixed point of the multivalued mapping T : X -• CB(X) if x € T(x). A multivalued mapping T is said to be weakly inward on D if Tx C ID{X) for x 6 D. An element y G D is called an element of best approximation of x € X (by the elements of the set D) if we have d(x,y) = d(x, D).
Now we state a theorem which can be found in [3] , for subsequent use. 
Let g : X -» X be a map such that for any x G X, d(x,g(x)) < <f>(x) and ip(d(x,g(x))) < </>(x) -<j>{g(x)).
Then g has a fixed point in X.
THEOREM 2.7 (Caristi's fixed point theorem, [11]). Let (X, d) be a complete metric space and f : X -> X be a mapping. If there exists a lower semicontinuous function ip : X
, xeX, then f has a fixed point.
Fixed point theorems
The aim of this section is to study existence of fixed point for weakly inward multivalued maps when their domain of definition is a closed subset of a convex metric space. 
THEOREM 3.1. Let F be a nonempty closed subset of a convex complete metric space (X,d) having property (B) and T : F -• CB(X) be a weakly con-
Define g : M -> M by g(x, z) = (u, v) and observe that g has no fixed point.
, so by Theorem 2.6 we arrive at a contradiction. Hence the result follows. d(x,y) ), for all x,y 6 F. Thus the result follows from Theorem 3.1. 
THEOREM 3.3. Let D be a closed subset of a convex complete metric space X having property (B) and T : D -> 2 X -{0} be a multivalued contraction taking closed values with Tx
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This defines the mapping g : D -> D. We now claim that g satisfies the following strict inequality, (1) d
(x,g(x)) < ip(x) -ip(g(x)), for each x € D.
Theorem 2.7 then implies that g has a fixed point which contradicts with (1). To see our claim observe first that
d(g(x) > T(g(x))) < d(g(x),z) + d(z,T(x)) + H(Tx,T(g(x))) < d(y no , z) + d(z, f{x)) + kd(x,g(x)).
Hence
< (i-±y{xj(x))=(i-j~y{x,Tx).
Thus we have
To the end of proof we show that Hence the result follows. Hence <5 > 2, which is the contradiction. So, (f> is a fixed point free map. We now show that 
For u = W(z, x, A) we have d(y, Ty) < d(y, u) + d(u, Tx) + H(Tx, Ty).
But T is a contraction, so we get
Finally,
This in turn implies (3) . From Theorem 2.7 (f> has a fixed point in D. This contradiction concludes the proof. Now we need to define z1 and y7 so that (a), (b) and (c) remain valid for all a, 0 < 7 + 1. We shall investigate two cases.
Case one: 7 has immediate predecessor 7 -1. By (a) y7_I € TZ7_I, since 7 -1 < 7. Also T is a fixed point free map and so d(y7_i, z7_i) > 0. Since T is weakly inward then Tz7_ 1 C j£>(z7_ 1), since y7_i € ID{Z1-\).
Therefore there exists UQ in /£>(z7_ 1) such that d(y1-i,uo) < ed(y7_i, z7_i). Consequently we can find z7 in D and A7 > 1 with
and therefore
Since H(Tzy, Tz7_ 1) < kd(zy, z7_ 1) and y7_I € TZ7_I so we can choose y7 in TZ7 such that Inequalities (4) and (5) Case two: Let 7 be the limit ordinal. We then have strictly incrasing sequence {7 n } converging to 7. Put r n = d(y 7n , z 7n ). Clearly {r n } is a decreasing and bounded from below sequence. So it is convergent. Also {z 7n } and {y 7n } are Cauchy sequences and hence convergent. Let Zy and y 7 be their respective limits. Since y 7n € Tz ln so we may find w n in Tzy with d(w n ,yy n ) < ld(zy n ,zy). But this gives d(w n ,yy n ) -> 0, as n -> 00 and Hence (a) and (c) are valid for all a,0 < 7 + 1. If a < a + 1 <7 + 1 then a < 7. Since 7 is the limit ordinal so a + 1 < 7. Hence (b) is valid for all a<a + l<7+l. So, by transfinite induction, we have {z a } and {y a } for all a < fi. Let s a = d(y a ,z a ).
Since {s a : a € f2} is a decreasing and bounded from below by 0 sequence and ii is uncountable therefore there exists c*o in Q, such that {s Q : a > Qo} is constant; that is s a = = s for all a,P > ao-Thus z ao+ 1 = z ao which contradicts (b). Therefore T has to have a fixed point.
